ON GROUPS HAVING THE PROPERTY W
In [1] we Investigated subsets defined as follows He suggests that the existence of such a group is rather dubious.
Properties of groups similar to (iii) have been also investigated by J.L.Brenner, M.Randall and J.Ri^ell in [6] , In that paper the authors showed that if G is a finite simple group and C-a class of conjugate non-identity elements of C, and others.
The property (iil) of th.1 of Hall [2] is related to the property W to be considered in this paper.
In the first part of my paper I will present a proof of the hypothesis stated above for the case of abelian groups, finite and infinite. Also examples will be given showing that tbere are non-abelian groups finite and Infinite without the property W. The last part of the paper is devoted to description of non-abelian groups for whioh the hypothesis in question is valid. Proof.
To simplify the notation we shall carry out the proof for n = 2 only, further generalizations is obvious. Suppose that this equality did not hold. Then the product of every triple among the elements would have the order less than w. As well, combining elements of the product in P a^rs we would obtain that the order of at least one pair is less that w. Among others, we would m.. m ? have oig^g-j) = p < w, o(g 2 g 3 g 4 ) = p < w and o(g 1 g 2 )<w
or o(g 3 g 4 ) < w. Let oCg^g) = p™ 3 < w .
This implies o((g 1 g 2 ) _l ) = p 3 and o(g^; = -1 m 1 m, = o( (g 1 g 2 ) g-jgj^) < max (p ,p < w, which contradicts the assumption oCg^) = w. If o(g.|g 2 ) = w, then making use of the elements g^g^ and g^jg^g^ we would obtain again a contradiction.
Definition 2.
We say that a group G has property W 1 if
Remark.
A group with property W need not possess property W 1 . The example is provided by the group C^.
Theorem

5.
Every abelian p-group has property W^ Proof.
We consider an element of the form a = = 8^283, where a.j .a^a^ € K w . Two cases are possible: Every torsion abelian group has property W.
Proof. We know that a torsion abelian group G is the direct product of its Sylov subgroups SCp^J (where p^ i.e. PSL(2,1). We can assume that PSL(2,Z) is generated by
We then have Let us consider the mapping cpiB-"-fun (B,A) defined by the formula
By means of (p every element of the group B induces some automorphism of the group fun(B,A) and B is Isomorphic with a subgroup of the group of automorphism of fun(B,A is an invariant subgroup of the group BAfun (B,A). Hence we can describe groups in which there is at least one complex K_ (s i 1) such that K_K £ G.
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Now we consider non-abelian groups with property W. Theorem 9, If G = BA.A is a semi-direct product of groups B and A with the following properties: (1) the group A has property W, (2) the group B is abelian and has property W^ (3) o(biai) = w / 1 ¿ 1, otb^ = w or bi = 1, o(ai) = w, then the group G has property W.
Proof.
In order to prove that the operation is performable in K K , (w / 1) we consider the product G G if Bu{o] is a field.
Remark.
A condition for the set of automorphisms of an abelian group to be a field is provided by a theorem of Schur ( [7] , p.263). It is easy to show that this group is isomorphic to the semi-direct product AXZ(n), where A consists of two automorphisms: Identity and x-»-x of the group Z(n). It is not 'difficult to check that condition 2 holds, the remaining conditions of Theorem 9 are also easily to verify.
Similarly it can be shown that the group G = (a,b), where p O b • 1, (ab) = 1 has property W. Corollary 4.
A group of ord"er pq (p,q -prime numbers) has property W.
Proof. We may assume that p < q. Groups of order pq can be described as follows ([3] , p.63):
1) cyclic groups a^ = 1, 2) non-abelian groups defined by the relations a P = 1, b^ = 1, ba = ab r , r^ = 1 (mod q), r ^ 1 (mod q), p|q-1.
In case 1) the validity of the thesis follows from the fact that G is abelian. In case 2) it is easy to show that G is a semi-dlreot product of two groups A (à p = 1) and B (b q = 1). The group B is a normal divisor, and A is a group of operators. From Theorem 5 it follows that A has property W.. Hence it suffices to show that condition (3) of Theorem 9. k k Let a ¿1, o(a ) = w. Taking into account the relations describing operations in this group and the fact that Z(q) is a field we have 1
We have clearly r £ 1 (mod q) for k ^ p. If w is the lr order of the element a , then kw = sp. By assumption r wk -1 = (r p ) 8 -1 = cq, i.e. b r "1 = = 1. Hence oia^b*") = w, which shows that condition (3) of Theorem 9 holds.
Theorem 10.
The group Aut QXQ has property W. Hence in the set K^K,» the operation la also performable, which ends the proof. Theorem 11.
The non-torsion group has property W.
Proof.
In this group all elements without identity have infinite order. Hence there are only two complexes: K 1 and K". Let g 1 ,g 2 ,g 3 ,g 4 If G is a finite nilpotent group and each of its Sylov subgroup has property W, then the group G has property W.
Proof. Making use of the theorem ([3] p.176) stating that a nilpotont group is decomposable into a direct product of its SylcT subgroups we have Since the orders of the subgroups appearing in (7) are pairwise prime, the validity of the theorem in question follows from Theorem 2.
Theorem 13.
The Hamilton group has property W. Proof.
The Hamilton group G^ can be decomposed Into the direct product G^ * Gg * G^, where G 1 -the group of quaternions, G 2 -an abelian group with finite elements of odd order, G^ -an abelian group with elements of the second order. For the complex K^ and the complexes of odd order the property W is obvious. G^ also has complexes of elements of the orders 2s and 4s, where s is an odd number expressing the order of an element in G 2 > We consider the question whether the operation is performable in ce G 1t G 2 ,G^ are normal divisors in G H and G^ is their direct product, we have ..+(p-l)kp+1)+v P l P" 2)k +( P -2)kp ( P" 2)k " 1 +...+(p-2)kp+l)+ ... 
